
HΦの演習問題 (解説)

好きなものからやって下さい 
ほとんどlaptop PCでできるはずです(TPQはちょっと重いですが…) 
もちろん、自分のやりたい別の課題もやっても OKです

三澤  貴宏   
東京大学物性研究所 特任研究員（PCoMS PI）

例題1: spin 1/2 dimer (full diag) 
例題2: spin 1/2 chain (Lanczos) 
例題3: J1-J2 Heisenberg model(Lanczos,TPQ) 
例題4: Kitaev model (Lanczos,TPQ) 
例題5: Hubbard chain (Lanczos,TPQ)



例題1: Heisenberg dimer, Hubbard dimer

1. 全対角化でエネルギー固有値を求めましょう。 
Emin=-3/4(1重), Emax=1/4(３重縮退) となるはず 

2. S=1,2/3,2 …として同じことをやりましょう 
Emin=-S(S+1), Emax=S2 となるはず 

3.Hubbard 模型でも同じことをやってみましょう 
(half filling , Sz=0) 

4. Lanczos法, LOBCG法で計算してみましょう

H = J ~S0
~S1
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例題1:解答 I

L = 2 
model = "Spin" 
method = "FullDiag" 
lattice = "chain" 
J = 0.5 
2Sz = 0

1-1. Heisenberg dimer 
の解答

J=0.5なのは2サイトで 
周期境界条件だとJ 
を二回数えてしまうため

1-2. spin-S Heisenberg dimer 
の解答

L = 2 
model = "Spin" 
method = "FullDiag" 
lattice = "chain" 
J = 0.5 
2Sz = 0 
2S =2

2S=2とするとS=1になります 
(指定しなければ2S=1)。 
2S=3,2S=4などとすれば、 
S=3/2, S=2の模型を取り扱えます。



例題1:解答 II

L = 2 
model = "Hubbard" 
method = "FullDiag" 
lattice = "chain" 
t = 0.5 
U = 4 
2Sz = 0 
nelec = 2

1-3. Hubbard dimer 
の解答

これも、t=0.5なのは2サイトで 
周期境界条件だとt 
を二回数えてしまうため

1-4. Heisenberg dimer 
の解答
L = 2 
model = "Spin" 
method = "Lanczos" 
lattice = "chain" 
J = 0.5 
2Sz = 0

method=“Lanczos”, “CG”とすることでLanczos,  

LOBCGの計算ができます。 
Lanczosは正しい値はでてききますが、 
収束判定条件がヒルベルト空間が小さい場合に対応して 
いないためエラーメッセージがでるので注意して下さい

L = 2 
model = "Spin" 
method = "CG" 
lattice = "chain" 
J = 0.5 
2Sz = 0



例題2: Heisenberg chain
H = J

X

hi,ji

SiSj

1. Lanczosでエネルギーを計算 (サイズL= 20位まで) 
→基底状態と第一励起状態のエネルギー差(ギャップ)を計算 
→ギャップの大きさを1/Lでプロットしてみましょう 

2.高磁場をかけてLanczos、LOBCGで計算してみましょう 

3.S=1のハイゼンベルク模型でも同じことをやってみましょう 
(Haldane gap) 

4. (発展)S(q,omega)を計算してみましょう。



例題2:解答 I

L = 12 
model = "Spin" 
method = "Lanczos" 
lattice = "chain" 
J = 1.0 
2Sz = 0

1-1. Heisenberg chainの解答

結果: output/zvo_Lanczos_Step.dat  
E0＝-5.3873909174  ,E1= -5.0315434037 
ΔE= E1-E0 ~0.355 

L依存性は次のページ



例題 2: S = 1/2 Heisenberg chain
結果

S = 1/2 Heisenberg chain
はギャップの閉じるぎりぎり
のところにあり、log L の対
数補正が現れるので結構数値
解析が難しい
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・S=1  Heisenberg chainにするとギャップが見えるはず(Haldane gap) 
→練習問題 [input fileで 2S=2 とするだけ]



例題2:解答 II

L = 12 
model = "SpinGC" 
method = "Lanczos" 
lattice = "chain" 
J = 1.0 
H = 10.0

1-2. Heisenberg chainの解答

Hをかける→SpinGC（Sz非保存）

L = 12 
model = "SpinGC" 
method = "CG" 
lattice = "chain" 
J = 1.0 
H = 10.0 
exct =4

Lanczos→偽縮退が見える 

stp = 74 -57.0000000000 -56.9998301292  
stp = 76 -57.0000000000 -56.9999967206 
stp = 78 -57.0000000000 -56.9999998797

CG→偽縮退はみえない 

i=    0 Energy=-57.000000 N= 12.000000 
i=    1 Energy=-49.000000 N= 12.000000 
i=    2 Energy=-48.866025 N= 12.000000 
i=    3 Energy=-48.866025 N= 12.000000



例題2:解答 III

L = 12 
model = "Spin" 
method = "Lanczos" 
lattice = "chain" 
J = 1.0 
2Sz = 0 
2S = 2

1-3. Heisenberg chainの解答

L依存性は各自の演習問題

1-4. S(q,omega) 

別ページにアップ予定



例題3: J1-J2ハイゼンベルク模型
H = J1

X

hi,ji

SiSj + J2
X

hhi,jii

SiSj

1. Lanczosでエネルギーを計算 (サイズ4×4位) 
2. TPQで比熱を計算(J2/J1~0.5でどうなるか？) 
3. (発展)余裕があればスピン相関も計算してみましょう

L = 4 
W = 4 
model = "Spin" 
method = "Lanczos" 
lattice = "square lattice" 
J = 2.0 
J’ = 1.0 
2Sz = 0

スクリプトの例



例題3: 基底状態の答え

4746 E. DAGOTTO AND A. MOREO

momentum very close to the ground state. They may easi-
ly become degenerate or cross in the thermodynamic limit.
To study this excited (singlet zero momentum) state

with our numerical method we need to use as a starting
configuration a state orthogonal to the ground state. In
principle, that can be accomplished by selecting as a trial
function the state

~ y&,; ~&
= ~p& (p~ leap& ~ I/fp&, where ~ p&

is arbitrary (as long as its projection on the excited state is
nonzero) and

~ yo& is the ground state previously calculat-
ed. However, we found that in practice it is simpler to ob-
tain an orthogonal state by inspection of the ground state.
For example, if two states

~ ai&, ( a2& of the S, basis ap-
pear in the ground state with weights ai, a2, respectively,
then a state orthogonal to the ground state is

~ y&„,,~&=
( a ~ &
—a~/az ~

a 2&. This is the method we used and, in
general, it produces good results. For example, evaluating
the ground-state energy Eo with error 10 we get an ac-
curacy of 10 in the energy of the first excited state. If
we continue the iterations after an error of 10 is
reached, the state decays into the ground state because
originally it had a projection on the ground state due to
small errors in a~, az. We can generalize these ideas for
higher excited states, but of course the accuracy of each

—1.0

new excited state is poorer than the previous one.
Applying this technique we found the remarkable result

shown in Fig. 4(a) (some special values of the energies are
also presented in Table I). In the region Jz= (1.1, 1.5)
there is another singlet state with zero momentum (E~),
very close to the ground state. Note that the gap between
these two states is much smaller than the gap between the
triplet (ET) and the singlet (Eo) states at J2 =0 (see also
Fig. 2) which we know will become degenerate in the ther-
modynamic limit. In Fig. 4(a) we also show some points
corresponding to a second excited state (E2). Those
values have error bars because of the difFiculty in stabiliz-
ing the state against a decay into the ground state. '
One possibility is that the two almost degenerate states

are the equivalent of the Neel states yo and y& of Fig. 1
with a small gap opened between them (which is possible
since they have the same quantum numbers). However, if
an interchange of states effectively has occurred then the
excited state should have magnetic properties opposite to
those of the ground state, as yo and y~ have on the 8-site
lattice. We have evaluated the magnetizations in the ex-
cited state and they are qualitatively very similar to those
of the ground state, not the opposite.
Then we have a more interesting situation where on a

finite region of parameter space the lowest-lying levels
above the ground state are singlets rather than triplets.
Consider, for example, the following scenario: Suppose
that the states whose energies are denoted by Eo and E2
(or some other excited state) in Fig. 4(a) correspond to
the states yo and y~ on the 8-site lattice (Fig. 1) with a
gap opened. Then the singlet (E~) of Fig. 4(a) is in
correspondence with y2 of Fig. 1 which was degenerate
with the ground state at one-point on the 8-site lattice. '
Then in the interval J2= (1.1, 1.5) we may have a new
disordered ground state' ' (the staggered magnetiza-
tions are very small in that region). The "one point" new
phase of the 8-site lattice corresponds now to a finite re-
gion.
It is very dificult to imagine that the fact that the

lowest-lying excited states are singlets rather than triplets
can be a finite-size efI'ect. Then, we conjecture a phase di-
agram for this model as shown in Fig. 4(b). Since the
magnetizations behave very smoothly we expect second-
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TABLE I. Ground-state energy (Ep) and first excited-state
energy (E~) per site (both singlets with zero momentum) of the
2D Heisenberg model with frustration as a function of J2 on a
4X41attice. The error is in the last digit.

ordered
(Neel)

disordered
(spin liquid?)

ordered(¹elin
each

sublattice)
FIG. 4. (a) Ground-state energy (Eo) and first excited-state

energy (E~) (per site) on a 4&4 lattice as a function of Jz near
the degeneracy region. Also shown is the second excited-state
energy (Ez). The three states are singlets with k=(0,0). For
comparison, we also show the triplet (ET) and singlet (Es)
states of Fig. 2. (b) Possible phase diagram of the Heisenberg
model with frustration in the thermodynamic limit.

0.950
1.100
1.150
1.200
1.325
1.400
1.500
1.600
1.750

Ep
—1.065 978—1.047 189—1.047 183—1.051 792—1.089 305—1.127716—1.188 546—1.254670—1.358437

—1.0160—1.0254—1.0307—1.0380—1.0804—1.1169—1.1691—1.2233—1.3072

J1-J2 Heisenberg model, Ns=4×4, J1=2.0 
E. Dagotto and A. Moreo, PRB (R) 39 , 4744 (1989)

今ならPCで数秒で計算できる。



例題4: Kitaev model

1. Lanczosでエネルギーを計算 (サイズ18サイト位) 
2. TPQで比熱を計算: マヨラナ粒子の兆候がみえるか？ 
3. (発展)次近接のスピン相関が厳密に0を確認 
4. (発展)ハイゼンベルク項をたすとどうなるか？ 
5. (発展)磁場をかけて磁化の温度依存性から帯磁率が計算可能

W = 3 
L = 3 
model = "SpinGC" 
method = "Lanczos" 
lattice = "Honeycomb" 
J0x = -1.0 
J0y =  0.0 
J0z =  0.0 
J1x =  0.0 
J1y = -1.0 
J1z =  0.0 
J2x =  0.0 
J2y =  0.0 
J2z = -1.0
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スクリプトの例



例題5: Hubbard chain 

H = �t
X

hi,ji

(c†i�cj� + h.c.) + U
X

i

ni"ni#

L = 8 
model = "FermionHubbard" 
method = "Lanczos" 
lattice = "chain" 
t = 1.0 
U = 8.0 
nelec = 8 
2Sz = 0

1. Lanczosでエネルギー・二重占有度を計算 (サイズ8サイト位) 
2. TPQで比熱・二重占有度を計算:  
3. (発展)　全対角化でアンサンブル平均を計算してTPQと比較

スクリプトの例



例題5: 計算例
Comparison of FullDiag, TPQ, Lanczos method 
Hubbard model, L=8, U/t=8, half filling, Sz=0
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TPQ method works well !


